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Class distribution estimation (quantification) plays an important role in many practical
classification problems. Firstly, it is important in order to adapt the classifier to the oper-
ational conditions when they differ from those assumed in learning. Additionally, there are
some real domains where the quantification task is itself valuable due to the high variabil-
ity of the class prior probabilities. Our novel quantification approach for two-class prob-
lems is based on distributional divergence measures. The mismatch between the test
data distribution and validation distributions generated in a fully controlled way is mea-
sured by the Hellinger distance in order to estimate the prior probability that minimizes
this divergence. Experimental results on several binary classification problems show the
benefits of this approach when compared to such approaches as counting the predicted
class labels and other methods based on the classifier confusion matrix or on posterior
probability estimations. We also illustrate these techniques as well as their robustness
against the base classifier performance (a neural network) with a boar semen quality con-
trol setting. Empirical results show that the quantification can be conducted with a mean
absolute error lower than 0.008, which seems very promising in this field.

� 2012 Published by Elsevier Inc.
1. Introduction

Supervised learning aims at computing a classifier with good prediction ability on future unseen data. A set of labeled
instances is required in order to train the classifier. Once the classifier is designed, it is assumed that it is applied as-is to
new data in order to predict the class to which each individual belongs to.

Most work assumes that training and future (test) data follow the same, although unknown, distribution [1]. In particular,
class prior probabilities estimated from the training data set are considered to reflect truly the class distribution of the oper-
ational environment. However, time or space class stationarity cannot be assumed in many practical fields [2,3]. For exam-
ple, if a system for word sense disambiguation is trained using words from a certain domain (i.e. sports news), but it is then
used with instances from a different domain (i.e. political news), where the sense priors are different, the classifier will be
affected [4]. Remote sensing applications also suffer from this problem since a dataset collected in a given season from a
region with different terrains (industrial, hay, wheat, corn, grass, etc.) is usually employed to train the classifier. However,
when that classifier is deployed, mismatches in terrain distribution may appear just because of seasonal or location changes
[5]. Another illustrative example is direct mail marketing as the target proportion or customer profile may vary from one
area to another.

It is well known that a mismatch between the actual class prior probabilities and those for which the classifier has been
optimized, leads to suboptimal solutions [1]. Whenever there is such a change, some authors rely on an eventual perfect
knowledge of the new conditions by the end user [6], but when this is not possible, estimating this new class proportion
y Elsevier Inc.
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is important in adapting the classifier to the new context [7–9]. Adapting the classifier to the new operating conditions,
based on an unlabeled data set, is a problem that has received a lot of attention lately from several perspectives [7–14], with
the ultimate goal of improving the individual classification performance. Some techniques include those described in
[8,11,15–17]. Wang et al. [18] proposed a method video annotation (which is formulated as a classification task) when there
is a large variation in the training data (i.e. the assumed model may change). This method uses an iterative process to update
class densities and posterior probabilities, similar to what Saerens et al. [8] did, which based on Bayes rule.

In other applications where the class proportions are subject to high variability, their estimation is itself valuable, in par-
ticular when the classes are imbalanced [19]. For instance, artificial insemination techniques in the veterinarian field should
guarantee that semen samples are optimal for fertilization. There is a direct relationship between sperm fertility and the
state of the acrosome: a sample containing a high percentage of spermatozoa with a damaged acrosome will not be useful
for fertilizing purposes [20]. In this case, the class prior probabilities estimated from the labeled training data cannot be con-
sidered representative of future samples since they are subject to variation due to factors like the animal/farm variability, or
the manipulation and conservation conditions. Quantifying the proportion of damaged cells is traditionally carried out man-
ually, using stains, which makes this process time-consuming, costly and, what is more important, not objective. In this field,
then, the aim is to estimate the proportion of damaged cells with no concerns about the individual classification of each one
[21].

To the best of our knowledge, only a few works address directly the problem of estimating the class distribution (also
known as quantification) in real domains. Quantification has been applied to such domains as quality control [22–24], news
categorization [25,26], analysis of technical-support call logs [27] and word text disambiguation [4].

To sum up, estimating the class prior probabilities of an unlabeled dataset plays an important role in supervised learning
in order to be able to detect changes in classifier performance due to shifts in class prior probabilities (assuming that class
conditional densities are fixed) and in order to adapt the classifier to the new operating conditions whenever it is possible. It
also plays an important role in applications where the class distribution shows high variability and its estimation has prac-
tical interest.

The quantification techniques proposed in the literature are either based on the classifier confusion matrix [7,4,25,26,9]
or on the posterior probability estimates provided by the classifier [4,23,22,24,28]. Forman has also explored a method, Mix-
ture Model, based on the estimation of the class conditional probability densities [26], but when it was evaluated on text
classification data sets, found it was outperformed by simple methods that rely on the confusion matrix. There is also a pre-
liminary work based on assessing mismatches between data distributions [24].

Our proposal to estimate the class distributions is based on measuring distributional divergences. We focus on problems
where the class conditional densities are assumed to be fixed, but class prior probabilities may vary. It is well known that a
shift in class prior probabilities between the training and test sets makes the data distributions, as well as the classifier out-
put distribution, change. Basically, our approach assesses the similarity between distributions, comparing the test data dis-
tribution with validation data distributions generated in a fully controlled way from the training data set. Finding the class
distribution (a simple for-loop can be used in binary problems as in this work) that achieves the maximum similarity, pro-
vides the estimated value. A distributional divergence metric, the Hellinger Distance (HD) [29], may be applied at different
stages of the classification process: (i) between data distributions themselves for each input feature (referred to as HDx) and
(ii) between the classifier output distributions (referred to as HDy). The HDy proposal is similar to the Mixture Model of [30],
but we use the HD to measure the goodness of the fit instead of using the PP-Area metric developed in [30] to compare two
cumulative distribution functions.

The goal of this paper is: (a) to explore an information theoretic approach to quantify automatically the class distribution
of an unlabeled dataset, (b) to compare it with previously proposed approaches (in 15 applications from the UCI Machine
Learning repository with a neural based classifier, Naive Bayes and logistic regression) and (c) to evaluate these quantifica-
tion methods and check whether or not reliable estimates can be achieved for a real specific application of boar semen anal-
ysis. Note that, unlike most prior work that focuses on text classification tasks, here we apply our algorithms to a variety of
domains collected in the UCI repository and to a real computer vision application.

The rest of this paper is organized as follows: Section 2 briefly describes previous proposed approaches to this problem
and Section 3 presents the theoretical approach and algorithms of the estimation method based on the Hellinger distance
proposed in this paper. Empirical evaluation methodology is presented in Section 4, the experimental results are shown
in Section 5 and finally, Section 6 summarizes the main conclusions.
2. Quantification: the problem of class distribution estimation

Consider a classification problem with a labeled training data set St = {(xk,dk), k = 1, . . . , K} where xk is the feature vector of
the kth element and dk is its class label, which takes its value in X = {d0, d1, . . . , dM�1}.

Let us consider that all the samples xk 2 St have been independently recorded according to the class probability density
function p(xjdi) and the a priori probability of the class di in the training data set St is denoted by Pt(di). Note that hereafter the
subscript t will be used for estimates based on the training set St.

Now, consider we have an unlabeled test data set U = {(xl), l = 1, . . . , N} from which there is no specific interest in knowing
the class label of each instance, but the class distribution P(di) of the test set U needs to be estimated.
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Let us also consider a classification model fw whose parameters w have been adjusted using examples from the training
set St. This classifier makes decisions in two steps: it first computes a soft output ŷl ¼ fwðxlÞ and then makes a hard decision
d̂l 2 X based on it. It is well known that if the classifier is trained minimizing an appropriate cost function, the soft outputs ŷl

i

will provide an estimation of the a posteriori probability of the observation xl belonging to class di, denoted by bPðdijxlÞ [31].
The naïve approach to estimate the actual class distribution is based on just counting the labels d̂l assigned by the clas-

sifier. This approach has been referred to as Classify and Count (CC) in [26]. The estimates made by this method will not be
reliable since: (i) the classifier performance will drop if there is a difference between P(di) and Pt(di), and (ii) there is no guar-
antee that the errors for each class will cancel each other out.

Next, some quantification techniques based on the classifier confusion matrix and relying on the posterior probability
estimates provided by the classifier will be described briefly in Sections 2.1 and 2.2, respectively.
2.1. Quantification based on the confusion matrix

The confusion matrix summarizes the performance of a classifier. It is an observation of the number of elements classified
as belonging to the class i when they actually belong to the class j. An example of a confusion matrix for a binary problem is
shown in Table 1 where class d1 is also referred to as the positive class and class d0 as the negative class.

The count of positives P0 assigned by the classifier will include both the true and false positives (P0 = TP + FP), while the
number of predicted negatives N0 will be the sum of the true and the false negatives (N0 = TN + FN). Similarly, the number
of real positive examples is P = TP + FN while the number of actual negatives is N = FP + TN. By using these quantities, the fol-
lowing rates can be computed:

� True Positive rate: tpr ¼ bPðd̂1jd1Þ ¼ TP=P
� False Positive rate: fpr ¼ bPðd̂1jd0Þ ¼ FP=N
� False Negative rate: fnr ¼ bPðd̂0jd1Þ ¼ FN=P
� True Negative rate: tnr ¼ bPðd̂0jd0Þ ¼ TN=N

As has been derived in [30], the probability that a classifier makes a positive prediction in a binary classification problem
is:
bPðd̂1Þ ¼ bPðd̂1jd1Þ � bPðd1Þ þ bPðd̂1jd0Þ � bPðd0Þ
¼ bPðd̂1jd1Þ � bPðd1Þ þ bPðd̂1jd0Þ � ð1� bPðd1ÞÞ
¼ tpr � bPðd1Þ þ fpr � ð1� bPðd1ÞÞ
¼ tpr � bPðd1Þ þ fpr � fpr � bPðd1Þ
¼ fpr þ bPðd1Þ � ðtpr � fprÞ
which leads to the estimation of the a priori probability of the class d1 as:
bPðd1Þ ¼
bPðd̂1Þ � fpr
tpr � fpr

ð1Þ
where
bPðd̂1Þ ¼
P0

P0 þ N0
ð2Þ
As was mentioned in Section 1, the quantification process assumes that the within class densities p(xjdi) do not change
from the training to the new data sets [8] and, therefore, there is no fundamental variation in the fpr and tpr between the
distributions for the training set and test sets. The confusion matrix can be estimated by techniques such as stratified k-fold
cross-validation where the value of k is recommended to be as high as possible, as suggested in [26].

This method has been referred to as Adjusted Count (AC) in [26] and it could be summarized in a binary problem as fol-
lows: Firstly, the classifier is trained and its performance (fpr and tpr) estimated via k-fold cross-validation. Then, when the
Table 1
Confusion matrix for a binary classification problem.

Prediction

d̂1 d̂0

True class
d1 TP FN
d0 FP TN
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classifier is applied to a new unlabeled set, the probability of predicted positive elements bPðd̂1Þ is computed according to (2)
and finally, the estimation of the true percentage of positives is computed as (1).

If the problem we are dealing with has M classes, a system of M linear equations with respect to Pðd̂jÞ should be solved in
order to estimate all the new class prior probabilities, as can be seen in (3).
bPðd̂iÞ ¼
XM�1

j¼0

bPtðd̂ijdjÞbPðdjÞ; i ¼ 0;1; . . . ;M � 1 ð3Þ
where bPðdjÞ is the estimation of the a priori probability of the class j and bPðd̂iÞ is the observed class probability by looking at
the classifier labels d̂.

The solution of (1) or (3), however, can be inconsistent with the basic probability laws (i.e, values outside the interval
[0,1]). In a binary problem, Forman suggests [26] clipping the negative values to zero and fixing the probability of the other
class to one. In a multiclass problem, however, there is no straightforward solution.

Based on this Adjusted Count (AC) method, Forman also proposes the Median Sweep (MS) method [25]. Briefly, it can be
described as follows. First of all, several confusion matrices are computed for different classification thresholds. Next, the
method AC is applied for each confusion matrix and finally, the class distribution estimate is computed as the median of
the estimates derived from each confusion matrix.
2.2. Quantification based on the posterior probability estimates

Based on a classification model whose outputs provide estimates of posterior probabilities, an algorithm is proposed in
[22] to estimate the class distribution of a new dataset for a general multi-class problem. It is inspired by an iterative pro-
cedure based on the EM algorithm proposed by Saerens et al. [8] that adjusts the classifier outputs for the new deployment
conditions without re-training the classifier, as long as classifier outputs provide class posterior probability estimates. This
process indirectly computes the new class prior probabilities, which is the goal in this work.

Consider that the outputs ŷk generated by the classifier for the set U are an approximation of the a posteriori probabilities
of the classes, while the class frequencies in the training set are an estimation of the a priori probabilities. Thus, the prior and
the posterior probability estimates are initialized by:
bP ð0ÞðdijxkÞ ¼ ŷk
i ð4Þ

bP ð0ÞðdiÞ ¼
jSi

tj
jKj ð5Þ
where K is the total number of training examples and jSi
t j is the cardinality of the set of training examples from class-i. Con-

sider bP ðrÞðdiÞ the estimate of the new a priori probabilities and bP ðrÞðdijxkÞ the new a posteriori probabilities at the rth iteration
of the algorithm. These estimates are based on Bayes’ decision theory and are given by (6) and (7) respectively.

Regarding the class prior probability, it is well-known that the prior probability of class di for a dataset U with N unseen
examples can be estimated as an average of the posterior probabilities provided for each example in the set. Therefore, its
estimate at the rth iteration is given by
bP ðrÞðdiÞ ¼
1
N

XN

l¼1

bP ðr�1ÞðdijxkÞ ð6Þ
Once a new estimate of the class prior probabilities bP ðrÞðdiÞ is available, the class posterior probabilities are adjusted
accordingly by means of a simple transformation [32] based on the Bayes’ theorem:
bP ðrÞðdijxkÞ ¼

bP ðrÞðdiÞbP ð0ÞðdiÞ
bP ð0ÞðdijxkÞ

PM�1
j¼0

bP ðrÞðdjÞbP ð0ÞðdjÞ
bP ð0ÞðdjjxkÞ

: ð7Þ
where the denominator makes the adapted probabilities for the different classes sum to one.
This procedure is repeated a certain number of iterations, or until the difference between two successive estimates is low-

er than a certain threshold. It is called the Posterior Probability method (PP) in [22,24].
3. Quantification based on the Hellinger distance

In this section we present two quantification techniques (HDx and HDy) based on assessing the Hellinger Distance (HD)
between the test data distribution and a validation data distribution. The HDx approach works directly with the feature vec-
tors x and therefore it does not require any classification model. The proposal HDy works with the outputs ŷ that a classifier
(calibrated with instances from the training set St) generates for the samples x. Note that the data HDx works with, has a



Fig. 1. Training data. Joint probabilities Pt(x,d0) and Pt(x,d1) (left) and unconditional density pt(x) (right) for prior class probabilities (Pt(d0), Pt(d1)) equal to
(0.1,0.9).
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dimensionality equal to nf (the number of features) regardless of the number of classes. HDy, however, deals with one
dimensional vectors if the classification problem is binary.

The remainder of this section is organized as follows: next, the effect of a prior probability shift on data distributions is
illustrated and analyzed. Then, Section 3.2 presents the Hellinger distance metric. Finally, the methods HDx and HDy are de-
scribed in Sections 3.3 and 3.4, respectively.
3.1. Prior probability shift

The prior probability shift has been described as a particular case of dataset shift [33], where the within-class conditional
densities p(xjdi) do not change between the training and test scenarios, but the class prior probabilities shift after the clas-
sification model is generated (Pt(di) – P(di)).1 When this happens, the joint probabilities also vary (Pt(x,di) – P(x,di)) as does the
unconditional density (pt(x) – p(x)). As we have already pointed out, this is the type of problem we want to tackle.

For instance, assume we have a binary classification problem where each class is defined by a univariate Gaussian distri-
bution. Fig. 1 shows the joint probabilities Pt(x,d0) and Pt(x,d1) for the training dataset with class priors (Pt(d0), Pt(d1)) equal
to (0.1,0.9) and the data density pt(x). Now, in the test data the class conditional densities remain unchanged, but the test
class prior probabilities (P(d0), P(d1)) = (0.6,0.4) have changed (P(d0) – Pt(d0), P(d1) – Pt(d1)) from the training phase. This
shift in class proportions makes the data distribution p(x) significantly different from the training data distribution pt(x)
as it is illustrated in Figs. 1 and 2.

When we deal with a real practical problem, we know p(x). Additionally, from the training dataset we can generate val-
idation datasets V with given prior probabilities and compute the differences between these data distributions (validation
data pv(x) and test data p(x)) in order to find the validation distribution that is the most similar to the test data distribution.
Therefore, this process allows us to estimate the new class proportions, which are the same as the proportions of the vali-
dation set that minimizes that difference. Next, we present the distance metric we suggest in order to assess the similarity
between the test and validation distributions.
3.2. Hellinger distance

The Kullback–Leibler divergence as well as the v2 measure and the Hellinger Distance (HD) are particular cases of the
family of f-Divergences [29]. When it comes to measuring the divergence between distributions, the v2 measure and the
widely used KL divergence are both asymmetric, and not strictly distance metrics, which makes the Hellinger distance very
appealing for our purpose.

Recently, HD has been receiving attention by the machine learning community in order to detect failures in classifier per-
formance due to shifts in data distributions. In particular, Cieslak and Chawla [34] have shown that the measuring the HD is
very effective in detecting breakpoints in classifier performance due to shifts in class prior probabilities. Here, we address the
problem of class distribution estimation following a HD-based approach.

The Hellinger distance between two probability density functions q(x) and p(x) can be expressed as
1 Not
HDðq;pÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ ffiffiffiffiffiffiffiffiffi
qðxÞ

p
�

ffiffiffiffiffiffiffiffiffiffi
pðxÞ

p� �2
dx

s
ð8Þ
which is non negative, bounded (it takes values from 0 to
ffiffiffi
2
p

) and symmetric (i.e., HD(q,p) = HD(p,q)). Additionally, it is de-
fined for all possible values of p(x) and q(x) and does not make any assumptions about the distributions themselves. For all
these reasons, in this setting we propose the HD as the metric to measure the mismatch between distributions.
e that the subscript t refers to the training set.



Fig. 2. Test (future) data. Joint probabilities P(x,d0) and P(x,d1) (left) and unconditional density p(x) (right) for prior class probabilities (P(d0), P(d1)) in the
test set equal to (0.6,0.4).

(a) (b) (c)
Fig. 3. Binned distributions of the class probability density functions (p(xjd0 and p(xjd1)) used to model a data distribution pv(x) with Pv(d0) = 0.6 and
Pv(d1) = 0.4.
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3.3. Quantification method HDx

The method HDx requires measuring the similarity between validation distributions pv(x) and the test data distribution
p(x) where x is a feature vector with nf dimensions.

Similarity between two discrete data distributions can also be measured with the Hellinger distance [34,35] by converting
them into binned distributions with a probability associated with each of the b bins. Thus, the HD between the test data dis-
tribution (with unknown priors P(di)) and a validation data distribution with a given class distribution Pv(di) can be esti-
mated by measuring the HD between the unlabeled test dataset U = {(xl), l = 1, . . . , N} and a validation dataset V
(extracted from the available training data set St according to Pv(di)) as
HDðV ;UÞ ¼ 1
nf

Xnf

f¼1

HDf ðV ;UÞ ð9Þ
where nf is the number of features and HDf(V, U) represents the (intermediate) Hellinger distance between V and U according
to feature f. Note that the final HD is the average of distances for all features.

The Hellinger distance for feature f is computed as
HDf ðV ;UÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXb

i¼1

ffiffiffiffiffiffiffiffiffiffi
jVf ;ij
jV j

s
�

ffiffiffiffiffiffiffiffiffiffi
jUf ;ij
jUj

s !2
vuut ð10Þ
where b is the number of bins used to construct the histogram, jUj the total number of test examples and jUf,ij the number of
test examples whose feature f belongs to bin i. Likewise, jVj and jVf,ij correspond to the validation dataset.

Estimating the class prior probabilities of the test set can be stated in a straightforward way as finding the class prior
probabilities of the validation dataset Pv(di) that minimize the HD with the test set.

In practice, generating validation datasets from the training dataset St with different prior probabilities can be conducted
by subsampling and/or oversampling. However, this implies discarding and/or replicating instances and thus, losing infor-
mation or adding no information. This is undesirable especially when the samples are scarce, or when trying to generate
datasets where some of the classes have very low prior probabilities.

Our approach deals with this in the following way: instead of modeling the validation data distribution from a validation
dataset V, we can construct the histogram for the class-conditional probability density functions p(xjd0) and p(xjd1)
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(assumed stationary). Then, a validation data distribution pv(x) for a given class distribution (Pv(d0), Pv(d1)) with two classes
can be computed as
pvðxÞ ¼ pðxjd0ÞPvðd0Þ þ pðxjd1ÞPvðd1Þ ð11Þ
For the sake of clarity, we will illustrate this with the binary classification problem depicted in Figs. 1 and 2. A binned
distribution for each of the class probability density functions (p(xjd0) and p(xjd1)) can be obtained from the set of training
examples that belong to class 0 S0

t

� �
and class 1 S1

t

� �
, respectively, as depicted in Fig. 3.

Next, for any class distribution (Pv(d0), Pv(d1)) we are able to model the data distribution pv(x) according to (11). Fig. 3c
depicts the data distribution for class prior probabilities Pv(d0) = 0.6 and Pv(d1) = 0.4. This way, we use all the data available
and there is no need either to replicate or discard samples.

By making the substitution
jVf ;ij
jV j ¼

jS0
t;f ;ij
jS0

t j
Pvðd0Þ þ

jS1
t;f ;ij
jS1

t j
Pvðd1Þ ð12Þ
into (10), the HD between p(x) and pv(x) according to feature f can be computed based on the available labeled data set St.
Here jS0

t j is the total number of training examples that belong to class-0 and jS0
t;f ;ij is the number of training examples from

class-0 whose feature f belongs to bin i. In the same way, jS1
t j and jS1

t;f ;ij are the equivalent measures for class-1 and
Pv(d0) = 1 � Pv(d1) in the binary case. Note also that these values can be computed beforehand and stored for later use.

Therefore, it is straightforward to simulate validation data distributions with any probabilities Pv(di) and measure their
HD with the unlabeled test data distribution according to (9), (10) and (12). Finally, through a search in the probability space
(in this work we use a simple for-loop), the estimated a priori probability of the test set is the one that minimizes this HD
distance.

Let us assume that the test data follow the distribution depicted in Fig. 2b where the unknown class prior probabilities of
the test set are P(d0) = 0.6 and P(d1) = 0.4. Fig. 4 plots the Hellinger distance between the test set distribution and several
validation distributions with Pv(d1) that ranges in the interval [0,1]. It can be noticed that the minimum HD is achieved
for the class prior probability (Pv(d1) = 0.4) that matches the unknown test class distribution.

Notice that the method HDx requires the computation of a binned distribution. Although preliminary experimental re-
sults did not show a high sensitivity to the number of bins b, in order to get a more robust estimate, the algorithm is run
for a wide range of bins and the class prior probabilities are estimated taking the median of the individual estimates. Algo-
rithm 1 presents the procedure to get one of these estimates using b bins.

In this work, we have determined the class distribution that minimizes the Hellinger distance, calculating it for each value
of class-1 prior probability (we focused on two-class problems) from 0 to 1 in small steps (0.01 in the experimental work)
and returning the one that provides the minimum distance value. For a real application or multiclass problems, methods like
hill-climbing could be implemented.

Algorithm 1. QuantificationMethod_HDx

Inputs:
Labeled data set St = {(xk, dk), k = 1, . . . , K}.
Test data set U = {(xl), l = 1, . . . , N}
Number of bins b

Compute jS0
t j; jSt j1 and jUj

for f = 1 to nf

for i = 1 to b

Compute jS0
t;f ;ij; jS

1
t;f ;ij and jUf,ij

end for
end for
for Pv(d1) = 0 to 1 in small steps

for f = 1 to nf

Compute HDf according to (10), using (12) with Pv(d1)
end for

HD½Pvðd1Þ� ¼ 1
nf

Pnf

f¼1HDf ðPvðd1ÞÞ
end for
Outputs:
Prior probability estimation for test set UbPðd1Þ ¼ arg minðHDÞ; bPðd0Þ ¼ 1� bPðd1Þ



Fig. 4. Hellinger distance between the test data distribution p(x) and different validation data distributions pv(x) generated for class prior probabilities that
vary from Pv(d1) = 0 to Pv(d1) = 1. The dashed vertical line represents the actual class-1 prior probability P(d1) of the test data set. Data are defined in a one
dimensional space (nf = 1).
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3.4. Quantification method HDy

The intuition behind the quantification technique HDy is taken from the HDx proposal, but it mainly differs from HDx in
the use of a classifier. While HDx works directly with the feature vectors x, HDy employs the soft outputs y that a classifier,
trained with instances from the training dataset, generates for the samples x (y = fw(x)). Therefore, HDx works with data de-
fined in a nf dimensional space whereas the data HDy deals with are defined in a space with dimensionality M � 1, where M
is the number of classes. Note that in a binary classification problem, HDy works with one dimensional data whereas the HDx
data has as many dimensions as the number of features.

The main advantage of HDx is that it does not require a classification model, but its main limitation is that its computa-
tional complexity increases as the number of features does. Therefore, its use in very high dimensional datasets is unfeasible
and HDx is limited to datasets from low to medium dimensionality.

Another issue that has to be taken into account is data sparseness. This is a problem that usually has to be faced in real-
world applications, where training data sets are very likely not to be fully representative in all regions of the nf dimensional
space, in particular when the data dimensionality is high. When this happens, the estimated HDx curve in Fig. 4 may be less
reliable than that obtained measuring the HD between the classifier output distributions. In this case, the problem is sim-
plified because distributional divergences are measured with data (the classifier outputs) defined in a one dimensional space
for a two class problem. A comparison of both is shown in Fig. 5 for a binary classification problem where the data follow
Gaussian distributions defined in a space with 20 dimensions (nf = 20). Notice that HDy has a higher convexity so that esti-
mating where its minimum lies is more reliable when the number of instances is limited.

Thus, the HD between the classifier output distribution for test data U and the classifier output distribution for validation
data with a given class distribution Pv(di) can be estimated as
Fig. 5.
settings
HDðV ;UÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXb

i¼1

ffiffiffiffiffiffiffiffiffiffi
jVy;ij
jV j

s
�

ffiffiffiffiffiffiffiffiffiffi
jUy;ij
jUj

s !2
vuut ð13Þ
where b is the number of bins used to construct the histogram, jUj the total number of test examples and jUy,ij the number of
test examples whose output y belongs to bin i. Likewise, jVj and jVy,ij correspond to the validation dataset.

As in the case of the HDx method and in order to avoid subsampling and/or oversampling, we can make the substitution
Hellinger distance between the classifier output distributions (curve HDy) and the data itself (curve HDx) of a test set and different validation
. Data are defined in a twenty dimensional space (nf = 20).
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jVy;ij
jV j ¼

jS0
t;y;ij
jS0

t j
Pvðd0Þ þ

jS1
t;y;ij
jS1

t j
Pvðd1Þ ð14Þ
where jS0
t j is the total number of training examples that belong to class-0 and jS0

t;y;ij is the number of training examples from
class-0 whose output y belongs to bin i. In the same way, jS1

t j and jS1
t;y;ij are the equivalent measures for class-1 and

Pv(d0) = 1 � Pv(d1) in the binary case.
This procedure that is referred to as HDy quantification method is summarized in Algorithm 2.

Algorithm 2. QuantificationMethod_HDy
Inputs:
Labeled data set St = {(xk, dk), k = 1, . . . , K}.
Test data set U = {(xl), l = 1, . . . , N}
Classifier fw

Number of bins b

Compute jS0
t j; jS

1
t j and jUj

Compute classifier outputs for St as {yk = fw(xk),k = 1, . . . , K}
Compute classifier outputs for U as {yl = fw(xl), l = 1, . . . , N}
for i = 1 to b

Compute jS0
t;y;ij; jS

1
t;y;ij and jUy,ij

end for
for Pv (d1) = 0–1 in small steps

Compute HD[Pv(d1)] according to (13), using (14) with Pv(d1)
end for
Outputs:
Prior probability estimation for test set UbPðd1Þ ¼ arg minðHDÞ, bPðd0Þ ¼ 1� bPðd1Þ
4. Experimental methodology

4.1. Datasets

In this paper several public real-world datasets have been used to assess the performance of the quantification methods,
which have also been tested in a real computer-vision-based quality control application of boar sperm.

4.1.1. Publicly available datasets
We have evaluated the performance of the quantification methods on 15 binary datasets from the UCI Machine Learning

repository [36], which have a very wide range of size, number of features and class proportions, in order to provide diverse
scenarios for the experiments (see details in Table 2). Some of these datasets are not originally binary, so we have converted
them to two-classed datasets by grouping the target classes:

� CMC: The three target classes in the original dataset have been grouped in two: ‘‘using contraceptive methods’’ and ‘‘not
using contraceptive methods’’.
� Page blocks: The original classes (different blocks in pages) have been divided in two target classes: ‘‘Pictures’’ and the

other blocks.
� Semeion handwritten digit: In order to make this dataset a binary one, we have considered as minority class the original

class ‘‘digit 8’’, and the other class is ‘‘the other digits’’.
� Red and white wine: In both datasets the target classes have been considered to be ‘‘bad quality’’ (interval [0,5] in the ori-

ginal dataset), and ‘‘good quality’’ (interval [6,10] in the original dataset).
� Yeast: The target classes that we have considered are ‘‘proteins in the nucleus of the cell’’ and ‘‘proteins in a different

location’’.

4.1.2. Sperm cell data set
One of the goals of a seminal quality control application based on computer vision is to estimate automatically the pro-

portion of sperm cells with intact or damaged acrosome. The quantification methods were tested on a real boar semen image
dataset. The image data acquisition was conducted at CENTROTEC under the guidance of veterinarian researchers from the
University of León.

Using a digital camera connected to a microscope, boar semen images are captured with a magnification of 100� with a
resolution of 780 � 580 both under a fluorescent illumination and phase contrast. The former highlights the state of the



Table 2
Datasets description

Datasets Samples Features Minority class (%)

Breast Cancer Wisconsin 699 9 34.48
CMC 1473 9 22.61
Coil 9822 85 5.97
Diabetes 770 8 38.57
German Credits 1000 24 30.00
Letters (G) 20000 16 3.87
Letters (H) 20000 16 3.67
Mammographic mass 830 5 48.55
Page blocks (picture) 5473 10 2.10
Phoneme 5404 5 29.35
Semeion (8) 1593 256 9.73
Spambase 4601 57 39.40
Wine quality (red) 1599 11 3.94
Wine quality (white) 4898 11 3.74
Yeast 1484 8 28.91

Fig. 6. Grey level images of damaged (left) and intact (right) acrosomes of boar sperm.
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acrosome, so it allows the system to label each head. Afterwards, the images are automatically cropped, segmented [37] and
described in terms of a set of 20 texture features called Wavelet Co-occurrence features (WCF) [38]. We direct the reader
interested in further details about how the images have been described to [39]. The image set has 1849 instances: 904 intact
and 945 damaged spermatozoon heads. An example of both classes can be seen in Fig. 6.

4.2. Base classifiers

Except for HDx, the quantification methods evaluated in this article need a classifier. PP also requires that the classifier
outputs provide class posterior probability estimates.

Classification was carried out with a back-propagation neural network with one hidden layer and a logistic sigmoid trans-
fer function for the hidden and the output layers. Learning was carried out with a momentum and adaptive learning rate
algorithm. It is well known that when the training is carried out minimizing some loss functions such as the Mean Square
Error used in this work [31], the outputs provided by this model are estimates of class posterior probabilities. Additionally,
we tested the quantification techniques with Naïve Bayes and Logistic Regression.

Data were normalized with zero mean and standard deviation equal to one. The neural network architecture as well as
the number of training cycles were determined by 10-fold cross-validation separately for each dataset.

4.3. Performance metrics

The mismatch between the real class distribution and the estimation provided by the quantification methods is measured
by means of the Mean Absolute Error (MAE) that focuses on the class of interest – called class-1 in all our experiments – and
is defined as the absolute value of the difference between its actual prior probability and the estimated one.
MAEðPðd1Þ; bPðd1ÞÞ ¼ jPðd1Þ � bPðd1Þj ð15Þ
The MAE does not include the importance of the error with respect to the true value. For this reason, the Mean Relative
Error (MRE), that includes such information, is used as well and computed in % as
MREðPðd1Þ; bPðd1ÞÞ ¼
jPðd1Þ � bPðd1Þj

Pðd1Þ
100 ð16Þ
4.4. Statistical tests

The Wilcoxon signed-ranks test [40] is the non-parametric alternative to the paired t-test. Therefore, it is a pairwise test
that aims to detect significant differences between the performance results of two algorithms. Let ai be the difference
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between the performance scores of the two algorithms on the ith out of N datasets. These differences are ranked according to
their absolute values (average ranks are assigned in case of ties). Let R+ be the sum of the ranks where the difference is po-
sitive – i.e. the second algorithm outperforms the first one –, and R� the sum of ranks for the opposite. Ranks of ai = 0 are split
evenly among the sums; one of them would be ignored if there was an odd number of them. This is described in (17) and
(18).
2 The
Rþ ¼
X
ai>0

rankðaiÞ þ
1
2

X
ai¼0

rankðaiÞ ð17Þ

R� ¼
X
ai<0

rankðaiÞ þ
1
2

X
ai¼0

rankðaiÞ ð18Þ
Let T be the smaller of the sums, T = min(R+,R�). If it is less than, or equal to the value of the Wilcoxon distribution with N
degrees of freedom the null hypothesis of equality of the algorithms is rejected. Tables for the Wilcoxon distribution may be
included on most books on general statistic, such as [41] When the number of datasets, N, is large (such as N > 25), the sta-
tistics shown in (19) is distributed approximately normally. The null hypothesis can be rejected if z is smaller than �1.96
with a = 0.05 [42].
z ¼
T � 1

4 NðN þ 1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

24 NðN þ 1Þð2N þ 1Þ
q ð19Þ
5. Experiments and results

In this section, the quantification techniques based on the Hellinger Distance (HDx and HDy) proposed in this work as
well as other previous approaches are evaluated on the 15 datasets presented in Section 4.1.1, and then in the context of
a real boar semen quality control application described in Section 4.1.2. Comparisons will be carried out with the baseline
approach Classify and Count (CC), the method Adjusted Count (AC) by Forman based on the classifier confusion matrix and
the Median Sweep (MS) proposal derived from it. The Posterior Probability (PP) technique based on probability estimators
will be evaluated as well.
5.1. Quantification based on the Hellinger distance

The aim of the following experiment is to assess the performance of the quantification methods based on the Hellinger
Distance (HDx and HDy). Each data set in Table 2 has been divided into two subsets by stratified sampling: 30% of the ele-
ments will be used as the test set, U, while the remaining 70% will be used for training the classifier and generating the val-
idation sets. From now on the latter set will be called St.

Note that since the test set U is extracted by stratified sampling from the whole data set for each of the problems assessed,
its class distribution is given by the class frequency of the original data set. Thus, in the 15 different scenarios evaluated, the
proportion of the minority class2 varies from 2.10% in the Pageblocks application to 48.55% in the Mammographic mass prob-
lem (see Table 2 for more details).

In order to face a situation of uncertainty in the class distribution, the classifier has been trained with a balanced dataset,
which has all the instances of St that belong to the minority class and the same number of the majority class. In this section,
the neural classifier is evaluated. The number of hidden nodes and the number of training cycles of each network has been
determined experimentally by 10-fold cross-validation separately for each dataset. Table 3 shows this information together
with the misclassification rate for each database.

In this work, the number of bins b used in HDx and HDy was chosen from 10 to 110 in steps of 10, and the final estimated
a priori probability was taken as the median of these 11 estimates.

For each problem, results are the average of 50 randomly extracted test sets. Table 4 shows the MAE achieved by HDx and
HDy. While HDx achieves good performance in all problems (in the order of 10�2), it is clearly outperformed by HDy, which
achieves lower absolute errors, except in the case of Mammographic mass.

We have also performed the Wilcoxon signed-rank test [40] with a = 0.05 with the absolute and the relative errors. The
results of this test (see Table 5) show that these differences are statistically significant, so it confirms that HDy clearly out-
performs HDx when the neural network is used as classifier.

In theory, the performance of the HDy quantification technique does not depend on the classifier error rate, as long as its
outputs are not randomly generated. However, something interesting may be observed in practice. Although HDy may pro-
vide good performance regardless of the neural network performance, as it is the case for the Coil problem (MAE = 0.012,
neural network error rate = 37.04%), the scatter plot in Fig. 7 shows generally positive correlation between the error in
minority class of these databases is called class 1.



Table 3
Neural network configurations with each classification problem

Datasets Training cycles Hidden nodes Error rate (%)

Breast Cancer Wisconsin 200 2 4.64
CMC 200 2 37.04
Coil 200 2 30.39
Diabetes 200 2 20.43
German Credits 200 2 32.15
Letters (G) 400 5 7.67
Letters (H) 400 5 11.58
Mammographic mass 200 2 17.85
Page blocks (picture) 300 2 6.60
Phoneme 300 5 19.12
Semeion (8) 200 3 13.60
Spambase 300 3 7.34
Wine quality (red) 300 2 25.91
Wine quality (white) 400 2 28.40
Yeast 400 2 28.73

Table 4
MAE of the quantification methods HDx and HDy on the UCI databases using a neural network.

Dataset HDx HDy

Breast Cancer Wisconsin 0.014 0.012
CMC 0.064 0.038
Coil 0.017 0.012
Diabetes 0.050 0.028
German Credits 0.053 0.034
Letters (G) 0.005 0.002
Letters (H) 0.006 0.003
Mammographic mass 0.031 0.032
Page blocks (picture) 0.011 0.004
Phoneme 0.015 0.013
Semeion (8) 0.017 0.016
Spambase 0.013 0.006
Wine quality (red) 0.019 0.012
Wine quality (white) 0.021 0.011
Yeast 0.035 0.026

Table 5
Wilcoxon signed-rank test of the methods HDx and HDy.

Comparison R+ R� p-Value Null hypothesis of equality

HDy vs HDx 2 120 0.00018 Rejected (HDy outperforms HDx)
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the quantification process and the classification error. Therefore, efforts have to be made to tune the classifier parameters so
that the classifier performance is optimized.

5.2. Comparison of quantification methods using a neural network classifier

In this section the method HDy (which outperforms HDx, as has been shown in Section 5.1) will be compared with CC
(Classify & Count), AC (Adjusted Count), MS (Median Sweep) and PP (Posterior Probability). The comparison has been carried
out as it was done in Section 5.1.

The confusion matrices required for the methods AC and MS were estimated from the training set by 50-fold cross-
validation separately for each dataset, as suggested in [26]. For these methods, we did not discard any test instance regard-
less of its classification score. The MS method used nine confusion matrices computed for classification thresholds from 0.1
to 0.9 in steps of 0.1. Likewise, the estimated class proportion provided by MS is taken as the median of all the nine individual
estimates, without making any special treatment for any threshold. For the PP method, the maximum number of iterations is
set to 30, but it stops if the difference between two consecutive iterations is lower than 0.0001. Table 6 shows the MAE of the
quantifications as well as their ranks. The final tier of the table shows the average rank over the 15 problems.

Results highlight the importance of using an estimation method rather than relying on just counting the results of the
classification, as the method CC does (with MAE up to 0.31). The Hellinger distance based procedure is more reliable than



Fig. 7. Mean Absolute Error (MAE) for HDy against the neural network error rate.

Table 6
MAE of the quantification methods HDy, CC, AC, MS and PP on the UCI databases using a neural network classifier.

Dataset CC AC MS PP HDy

Breast Cancer Wisconsin 0.022 (5) 0.011 (1.5) 0.011 (1.5) 0.014 (4) 0.012 (3)
CMC 0.215 (5) 0.069 (2) 0.110 (4) 0.078 (3) 0.038 (1)
Coil 0.311 (5) 0.091 (3) 0.067 (2) 0.207 (4) 0.012 (1)
Diabetes 0.052 (5) 0.039 (3) 0.048 (4) 0.034 (2) 0.028 (1)
German-Credits 0.142 (5) 0.090 (3) 0.097 (4) 0.083 (2) 0.034 (1)
Letters (G) 0.074 (5) 0.008 (2) 0.010 (3) 0.030 (4) 0.002 (1)
Letters (H) 0.105 (5) 0.008 (2) 0.011 (3) 0.038 (4) 0.003 (1)
Mammographic mass 0.026 (1) 0.039 (4) 0.044 (5) 0.032 (2.5) 0.032 (2.5)
Page blocks (picture) 0.070 (5) 0.012 (3) 0.009 (2) 0.018 (4) 0.004 (1)
Phoneme 0.132 (5) 0.018 (3) 0.020 (4) 0.017 (2) 0.013 (1)
Semeion (8) 0.090 (5) 0.017 (3) 0.016 (1.5) 0.045 (4) 0.016 (1.5)
Spambase 0.015 (5) 0.008 (3) 0.010 (4) 0.007 (2) 0.006 (1)
Wine quality (red) 0.269 (5) 0.089 (3) 0.087 (2) 0.224 (4) 0.012 (1)
Wine quality (white) 0.231 (5) 0.052 (3) 0.037 (2) 0.153 (4) 0.011 (1)
Yeast 0.155 (5) 0.043 (3) 0.075 (4) 0.038 (2) 0.026 (1)
Avg. rank 4.733 2.767 3.067 3.167 1.267
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the other quantification methods. It is noticeable that the MAE of HDy is never too high, even in the case of very imbalanced
datasets. The MAE of HDy is always lower than 0.040 and it outperforms the other methods in most cases. In general terms, it
has the smallest average rank.

In order to determine whether these differences are significant we have carried out a statistical comparison between the
performance of the methods. We have specifically selected the Wilcoxon signed-ranks test [40] with a = 0.05. We have made
comparisons between the algorithm which has achieved the best average rank (HDy) and the others to determine if there are
significant differences. These tests, whose results can be seen in Table 7 show that there are statistically significant differ-
ences between HDy and the other methods.
5.3. Quantification with different base classifiers

In this section the quantification techniques are assessed on the UCI datasets for other base classifiers: Naïve Bayes and
Logistic Regression. Experiments are conducted as indicated in Section 5.2.

Regarding the quantification methods based on the Hellinger distance, the MAE for HDy is shown in Tables 8 and 9 for the
Logistic Regression model and Naïve Bayes, respectively. Results for HDx (no classifier required) were previously presented
Table 7
Wilcoxon signed-rank test for the method HDy against the others using a neural network classifier.

Comparison R+ R� p-Value Null hypothesis of equality

HDy vs CC 1 119 0.00012 Rejected (HDy outperforms CC)
HDy vs AC 2 118 0.00018 Rejected (HDy outperforms AC)
HDy vs MS 3 117 0.00031 Rejected (HDy outperforms MS)
HDy vs PP 1 119 0.00012 Rejected (HDy outperforms PP)



Table 8
MAE of the quantification methods HDy, CC, AC, MS and PP on the UCI databases.

Dataset Logistic Regression

CC AC MS PP HDy

Breast Cancer Wisconsin 0.013 (1.5) 0.014 (3.5) 0.014 (3.5) 0.013 (1.5) 0.019 (5)
CMC 0.226 (5) 0.066 (3) 0.125 (4) 0.055 (2) 0.038 (1)
Coil 0.326 (5) 0.091 (2) 0.094 (3) 0.233 (4) 0.013 (1)
Diabetes 0.041 (4) 0.034 (3) 0.044 (5) 0.030 (1) 0.032 (2)
German Credits 0.115 (5) 0.06 (3) 0.092 (4) 0.049 (2) 0.040 (1)
Letters (G) 0.194 (5) 0.012 (2) 0.035 (3) 0.06 (4) 0.006 (1)
Letters (H) 0.238 (5) 0.015 (2) 0.037 (3) 0.049 (4) 0.008 (1)
Mammographic mass 0.022 (1) 0.033 (4) 0.036 (5) 0.031 (3) 0.029 (2)
Pageblocks (picture) 0.100 (5) 0.035 (3) 0.034 (2) 0.090 (4) 0.006 (1)
Phoneme 0.146 (5) 0.024 (3) 0.073 (4) 0.022 (2) 0.019 (1)
Semeion (8) 0.337 (4.5) 0.124 (2) 0.126 (3) 0.337 (4.5) 0.018 (1)
Spambase 0.012 (4) 0.010 (3) 0.018 (5) 0.008 (2) 0.007 (1)
Wine quality (red) 0.259 (5) 0.042 (3) 0.031 (2) 0.117 (4) 0.016 (1)
Wine quality (white) 0.235 (5) 0.023 (3) 0.020 (2) 0.037 (4) 0.012 (1)
Yeast 0.120 (5) 0.056 (3) 0.093 (4) 0.047 (2) 0.043 (1)
Avg. Rank 4.333 2.833 3.500 2.933 1.400

Table 9
MAE of the quantification methods HDy, CC, AC, MS and PP on the UCI databases.

Dataset Naive Bayes

CC AC MS PP HDy

Breast Cancer Wisconsin 0.028 (4.5) 0.016 (2.5) 0.016 (2.5) 0.028 (4.5) 0.014 (1)
CMC 0.306 (5) 0.072 (2) 0.110 (3) 0.293 (4) 0.045 (1)
Coil 0.381 (5) 0.114 (2) 0.124 (3) 0.376 (4) 0.034 (1)
Diabetes 0.049 (3) 0.059 (4) 0.060 (5) 0.043 (2) 0.037 (1)
German Credits 0.139 (5) 0.073 (2.5) 0.074 (2.5) 0.115 (4) 0.046 (1)
Letters (G) 0.222 (5) 0.011 (2) 0.011 (3) 0.156 (4) 0.005 (1)
Letters (H) 0.266 (5) 0.012 (2) 0.021 (3) 0.158 (4) 0.005 (1)
Mammographic mass 0.029 (1) 0.041 (5) 0.038 (4) 0.037 (3) 0.034 (2)
Page blocks (picture) 0.021 (5) 0.011 (3) 0.01 (2) 0.012 (4) 0.008 (1)
Phoneme 0.201 (5) 0.026 (2) 0.066 (3) 0.141 (4) 0.018 (1)
Semeion (8) 0.283 (5) 0.027 (1.5) 0.027 (1.5) 0.278 (4) 0.032 (3)
Spambase 0.147 (4.5) 0.017 (2.5) 0.017 (2.5) 0.147 (4.5) 0.015 (1)
Wine quality (red) 0.248 (5) 0.060 (2) 0.061 (3) 0.174 (4) 0.014 (1)
Wine quality (white) 0.133 (5) 0.024 (2) 0.033 (3) 0.061 (4) 0.010 (1)
Yeast 0.665 (4) 0.163 (1) 0.172 (2) 0.672 (5) 0.251 (3)
Avg. Rank 4.467 2.400 2.867 3.933 1.333
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in Table 4. The Wilcoxon signed-rank tests with a = 0.05 showed that the methods HDx and HDy are statistically equivalent
when the classifier used is either Naïve Bayes or Logistic Regression. Recall that HDy together with a neural network outper-
formed HDx, what indicates that the classifier choice may be an important issue.

The MAE achieved when the class distribution is estimated with CC, AC, MS, PP and HDy (results equivalent to HDx) using
Logistic Regression is shown in Table 8. Note that HDy gets the lowest average rank over the 15 UCI datasets. The Wilcoxon
signed-rank tests (see Table 10) where HDy is compared with the other quantification techniques indicate that the difference
is statistically significant. The same analysis was carried out with the Naïve Bayes baseline classifier (see Tables 9 and 11)
and it leads to the same conclusion regarding the superiority of HDy against the other methods.

5.4. Quantification of damaged acrosomes

The performance of the quantification methods has also been assessed on an application of semen quality control (see
Section 4.1.2).

The training set has 70% of the minority class examples from the whole dataset, and the same number of elements from
the majority class. Test sets have fixed size of 280 instances. Both sets are mutually exclusive, and randomly selected. We
have evaluated 10 scenarios where the proportion of damaged acrosomes in the test phase (operational environment) varies
from 0.05 to 0.50. We have explored this wide range of deployment conditions in order to evaluate the algorithms. However,
only the samples with proportion of damaged acrosomes equal or lower than 0.20 have interest from the point of view of
veterinarian practice.



Table 10
Wilcoxon signed-rank test for the method HDy against the others using Logistic Regression.

Logistic Regression

Comparison R+ R� p-Value Null hypothesis of equality

HDy vs CC 5 115 0.00061 Rejected (HDy outperforms CC)
HDy vs AC 4 116 0.00042 Rejected (HDy outperforms AC)
HDy vs MS 1 119 0.00012 Rejected (HDy outperforms MS)
HDy vs PP 8 112 0.00152 Rejected (HDy outperforms PP)

Table 11
Wilcoxon signed-rank test for the method HDy against the others using Naïve Bayes.

Naive Bayes

Comparison R+ R� p-Value Null hypothesis of equality

HDy vs CC 1 119 0.00012 Rejected (HDy outperforms CC)
HDy vs AC 19 101 0.01721 Rejected (HDy outperforms AC)
HDy vs MS 19 101 0.01806 Rejected (HDy outperforms MS)
HDy vs PS 0 120 0.00006 Rejected (HDy outperforms PS)

Table 12
Sperm cell data set. MAE of the quantification methods for 10 different test scenarios using a neural classifier.

P(d1) CC AC MS PP HDx HDy

0.05 0.036 0.011 0.013 0.005 0.062 0.007
0.10 0.032 0.010 0.012 0.008 0.056 0.008
0.15 0.028 0.009 0.011 0.007 0.050 0.007
0.20 0.023 0.010 0.011 0.008 0.041 0.008
0.25 0.020 0.009 0.010 0.008 0.032 0.008
0.30 0.016 0.008 0.009 0.008 0.024 0.008
0.35 0.013 0.009 0.009 0.008 0.020 0.008
0.40 0.010 0.009 0.009 0.008 0.018 0.009
0.45 0.008 0.008 0.008 0.008 0.022 0.008
0.50 0.008 0.008 0.008 0.008 0.026 0.008

Table 13
Sperm cell data set. MRE of the quantification methods for 10 different test scenarios using a neural classifier.

P(d1) CC AC MS PP HDx HDy

0.05 71.63 21.18 25.53 10.78 124.08 13.92
0.10 32.10 10.31 12.40 7.46 56.28 7.48
0.15 18.50 6.15 7.39 4.71 33.49 4.88
0.20 11.59 4.78 5.52 4.10 20.24 4.20
0.25 7.87 3.73 3.94 3.02 12.67 3.22
0.30 5.42 2.79 3.04 2.64 7.89 2.72
0.35 3.75 2.48 2.52 2.29 5.59 2.41
0.40 2.53 2.24 2.20 2.05 4.58 2.24
0.45 1.70 1.83 1.80 1.68 4.94 1.76
0.50 1.49 1.66 1.64 1.56 5.17 1.55

160 V. González-Castro et al. / Information Sciences 218 (2013) 146–164
We have used a neural network with the lowest error rate estimated by 10-fold cross-validation (3.93%). It has three neu-
rons in the hidden layer and trained with 400 cycles. The rest of the design of the experiment is identical to the one described
in Sections 5.1 and 5.2.

Table 12 shows the MAE of HDx and HDy, as well as CC, AC, MS and PP for each of the 10 scenarios. A Wilcoxon signed-
rank test between the method that achieves the lowest MAE and the others has been performed. To carry out the test, we
used in this case the 50 performance values [43] from the experiment. The best methods (statistically equivalent) for each
scenario are underlined in Table 12. Table 13 shows the same information with respect to the MRE metric.

For test environments with proportions of damaged acrosomes between 0.05 and 0.25, HDy and PP outperform the oth-
ers, whereas they are statistically equivalent. What is more important, their estimates lead to a very low MAE in these sce-
narios (from 0.005 to 0.008), which are promising results in the application field.
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PP performance strongly depends on the quality of the estimates of the class a posteriori probabilities provided by the
classifiers. In order to get good a priori probability estimates it is necessary that the a posteriori probabilities are well approx-
imated [8]. A low rate of misclassifications (in this case 3.93%) does not guarantee the success of the PP method, but the clas-
sifier outputs should be well calibrated. When this is not the case, the classifier scores can be scaled in the probability space
by methods like Isotonic or Logistic Regression (for a review of different methods and details see [44]). The HDy method,
however, does not require output calibration.
Fig. 8. MRE for CC, AC, MS, PP and HDy using neural networks trained with different number of cycles. Test set with class-1 a priori probability equal to 0.10,
0.20 and 0.30 (from top to bottom).



Fig. 9. Area under the curves (for different number of training cycles) of the quantification methods.
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Looking at the whole picture, it can be observed that HDy and PP are always the best methods in any scenario of the boar
semen application. We also show that HDx is not suitable for this application. With respect to AC and MS, both have similar
performance and are only competitive with HDy and PP for deployment conditions with relatively high proportion of dam-
aged cells (30% and higher, which is out of the range of practical interest). Finally, once again results show the benefits from
using an estimation method instead of relying on the naïve CC. For instance, in the estimation of a proportion of 0.10, the
MRE can be reduced from 32.1% (CC) to 7.4% (HDy and PP).

We have also compared the performance of the quantification methods with that of a veterinarian expert that uses the
same grey level images as our computer vision technique. The images obtained through fluorescence that require stains were
employed as the ground truth and results show that the expert global error rate in classification is 12.7%. Regarding the
quantification task, the empirical study shows that the quantification method HDy far surpasses the human level of perfor-
mance. For instance, for a test scenario with a proportion of damaged cells equal to 0.10, the MAE of HDy is 0.008 while the
MAE for the expert is extremely high (0.250). In the same way, when the proportion is 0.15, HDy achieves an MRE of 4.88%
whereas the human MRE goes to 96.30%. The computer-based quantification method has the additional advantages of saving
time, money and not requiring specialized staff.

5.4.1. Robustness
In this section, we study the robustness of the estimation methods with respect to the classifier performance. The aim of

this experiment is to explore how the quantification is affected by the performance of the underlying classifier and, thus,
how important the tuning of the classifier in the estimation is. In order to evaluate it, we use several neural networks which
were trained with 75, 100, 150 and 200 cycles, and have three neurons in the hidden layer. We did not use the neural net
used in Section 5.4. Their error rates estimated by 10-fold cross-validation were 32.10%, 15.40%, 6.47% and 4.15%,
respectively.

Fig. 8 shows the evolution of the MRE (in %) for different number of training cycles on three scenarios with different a
priori probability of class-1 (damaged cells): 0.10, 0.20, 0.30. All subfigures are plotted with the same axis limits, so that visu-
ally we can appreciate how the performance is affected.

Regarding the test scenario with a proportion of damaged cells equal to 0.10, the AC and MS methods have a maximum
MRE around 12% for the optimal classifier (that one trained with 400 cycles) while they reach values of 80% when the net-
work is trained with 100 cycles and higher than 170% for 75 cycles. In the same way, the results show that the PP method
achieves the best estimates for an optimal classifier, but its performance strongly depends on the training conditions. Thus,
when the network is trained with 75 cycles, its MRE may be higher than 160%, while the maximum MRE when the number of
training cycles is 400 is lower than 7%. With respect to the HDy method, its performance degradation is smaller than that for
other methods when the base classifier performance worsens. For example, the maximum MRE of HDy is around 7% when
the number of training cycles is 200, and it rises to 19% when the network is trained with 100 cycles, while in the case of PP,
this increase goes from 10% to 78%.

HDy clearly outperforms the other quantification methods when the classifier performance is poor – e.g. 75, 100, 150 and
200 training cycles. This is especially noticeable when the proportion of class-1 elements in the test set is low (at the top
graph in Fig. 8).

Moreover, it is observed that HDy is much more robust than the other methods for imbalanced test sets. In order to illus-
trate this fact, the area under the curves (AUC) in Fig. 8 has been computed and shown in Fig. 9 for test set class distributions
from 0.10 to 0.50. As the curves have been plotted by joining the relative errors of the five values of training cycles, the AUC
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has been computed by means of numerical integration based on the Trapezoidal rule. In the case of HDx, a horizontal line is
considered since there is no classifier dependence.

Fig. 9 confirms high dependence on the class prior probability of the test set for CC, PP, AC and especially for MS and HDx.
The method HDy is more robust than the others with respect to the deployment conditions.
6. Conclusions and future work

In this work we have addressed the problem of automatically estimating the class distribution of an unlabeled dataset
(also known as quantification).

Our proposal is based on the Hellinger distance in order to measure distributional divergences between a new dataset and
validation sets with known proportions and find the most similar one (quantification method HDx). Likewise, a classifier can
be used and its outputs for the data examples can be used instead (quantification method HDy).

These methods have been compared with the naïve approach of just counting the outputs of the classifier and other
methods proposed in the literature (AC, MS and PP), both using public databases from the UCI, and data from a real boar
semen quality control application.

Results show that the naïve approach of Classify and Count provide very poor estimates, especially when the datasets are
imbalanced. HDy appears to be a very appealing method for this task as either it outperforms or matches the other methods
when evaluated on several datasets, consistently providing estimates with low deviations from the true value, even if the
datasets are imbalanced. Moreover, HDy does not require a classifier that provides estimates of the class posterior probabil-
ities and its dependence on the base classifier performance when a neural network is used is not as strong as the other quan-
tification methods.

Note that the quantification task, although related, is different to supervised classification since we are not interested in
the individual prediction for each instance in the test set. Quantification is itself interesting in many applications with
non-stationary distributions, a very frequent problem in real applications. Supervised classification in environments with
imprecise class distributions may also benefit from quantification. It allows us to detect and prevent a drop in classifier
performance due to shifts in the class prior probabilities and allows us to adapt the classifier to the new operational condi-
tions. An adaptive approach in order to avoid this performance deterioration can be followed based on estimating the class
prior probabilities in the environment where the classifier is going to be deployed. Once this quantification is available the
decision threshold can be adapted using the ROC curve as indicated in [15] or if the classifier provides posterior probability
estimates, these outputs can be adjusted accordingly as in [8,11].

Although the quantification methods based on the Hellinger Distance (HDx and HDy) are originally multiclass, the search
method we propose would only be suitable for binary classification problems. Our immediate future work is to extend the
methods based on the Hellinger distance to the multiclass case addressing the problem directly (instead of using 1-vs-1 or 1-
vs-all approaches), modifying the search in the probability space technique.

We will also tackle the design of a committee system that combines or merges different quantification information so that
estimates can be improved. Designing a committee of quantifiers where each member uses a different baseline classifier or
where each member has been trained with different class prior probabilities are some alternatives to explore. Other possi-
bilities include using the CC or PP method to make a first estimate and then, applying the HDy method with a base classifier
optimized for a class distribution close to the estimate given by CC (and chosen from a pool of classifiers previously trained).
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